Abstract. Let G be a connected general graph of even order, with a function f : V (G) → Z + . We obtain that G satisfies the Tutte's condition
Introduction
This note connects Tutte's condition with graph factors. Tutte's theorem states that a graph G has a perfect matching if and only if A considerable large number of literatures on graph factors can be found in Akiyama and Kano's book [2] . Let H :
In particular, a 1-factor is exactly a perfect matching. For any vertex x of G, denote by G x the graph obtained from G by adding a new vertex x ′ together with a new edge xx ′ .
A graph G is said to be H-critical if G contains no H-factors and if the graph G x has an H x -factor for every vertex x of G, where
H(v), otherwise.
Lovász [6] proposed the degree prescribed subgraph problem of determining the distance of a factor from a given integer set function. He [7] considered it with the restriction that the given set function H is allowed, i.e., that every gap of the set H(v) for each vertex v is at most two. He also showed that the problem is NP-complete when the function H is not allowed. Cornuéjols [3] provided a polynomial Edmonds-Johnson type alternating forest algorithm for the degree prescribed subgraph problem with H allowed, which implies a Gallai-Edmonds type structure theorem.
For convenience, we denote the set of positive odd integers by 2N + 1, and [5] ). Suppose that a connected simple graph G of even order satisfies the Tutte's condition with respect to a function f :
The particular case f (v) ≡ 2n for some integer n had been solved by Akiyama, Avis and Era [1] for n = 1 and by the present authors [8] for n ≥ 2.
Without restricting the parity of order of G, Akiyama and Kano [2, Problem 6.14 (2)] proposed Problem 1.3. Denote by 2Z
+ the set of positive even integers. In the next section, we will give a characterization of graphs satisfying the Tutte's condition with respect to a function f , in terms of graph factors, without any restriction on the range of f , and for graphs of any parity of order.
Main Result
In terms of graph factors, the authors [9] have characterized graphs satisfying the Tutte's condition with respect to a function, but with the aid of either 2-colorings, or 2-edge-colorings, or 2-end-colorings; see Theorems 2.1 and 2.3. In this note, we present characterizations in terms of graph factors only; see Theorems 2.2 and 2.4. Theorem 2.1 (Lu and Wang [9] ). A connected general graph G of even order satisfies the Tutte's condition with respect to a function f : V (G) → Z + if and only if G contains an H-factor for any coloring g : V (G) → {B, R}, where
For any function f :
be the set of positive odd integers that are less than or equal to f (v) + 1. In other words,
Define a set Proof. Let G be a connected general graph of even order, with a function f : V (G) → Z + . We shall show the necessity and sufficiency respectively.
otherwise.
From the premise, we infer immediately
Applying Theorem 2.1 with the coloring g such that g −1 (R) = V (G), one obtains that G contains an J f ′ -factor, i.e., an H-factor.
Sufficiency. Let S ⊂ V (G). Consider the function H ∈ H f defined by
From premise, the graph G has an H-factor, say, F . Let C be any odd component of the subgraph G − S. Then for each v ∈ C, we have H(v) = J + f (v) and thus the degree d F (v) is odd. By parity argument, we have E F (V (C), S) = ∅. Therefore, one may deduce that
This completes the proof.
We remark that Theorem 2.2 reduces to Theorem
Theorem 2.3 (Lu and Wang [9] ). Let G be a connected general graph. Then G satisfies the Tutte's condition with respect to a function f : V (G) → Z + if and only if for any coloring g : V (G) → {B, R}, the graph G either contains an H-factor or is H-critical, where
By a proof similar to that of Theorem 2.2, one may obtain the following result. 
